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Objetivos deste tópico

I Estudar e aplicar o método de geração de colunas;

I Fixar os conceitos de decomposição Dantzig-Wolfe e do método de

geração de colunas por meio de exerćıcios.
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Método de Geração de Colunas

I Problema Mestre (PM):

zPM = min
∑
q∈Q

cqλq +
∑
r∈R

crµr

s.a
∑
q∈Q

aqλq +
∑
r∈R

arµr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, ∀q ∈ Q,∀r ∈ R.

I cq = cT x̄q e aq = Ax̄q, ∀q ∈ Q;

I cr = cT x̄r e ar = Ax̄r, ∀r ∈ R.

I Q̃ ⊂ Q e R̃ ⊂ R.
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Método de Geração de Colunas

I Problema Mestre Restrito (PMR):

zPMR = min
∑
q∈Q̃

cqλq +
∑
r∈R̃

crµr

s.a
∑
q∈Q̃

aqλq +
∑
r∈R̃

arµr = b,

∑
q∈Q̃

λq = 1,

λq ≥ 0, µr ≥ 0, ∀q ∈ Q̃,∀r ∈ R̃.

I cq = cT x̄q e aq = Ax̄q, ∀q ∈ Q̃;
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Método de Geração de Colunas

Vamos então gerar essas colunas/variáveis aos poucos...

I Precisamos mesmo gerar todos os pontos/raios extremos?

I Todos serão usados em uma solução ótima?

I Como saber se os que já foram gerados são suficientes?

(i.e. se a solução ótima do PMR também é ótima para o PM)

I Como gerar novos pontos/raios extremos que ainda não estejam no

PMR mas que podem ajudar a reduzir o valor da função objetivo?
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Método de Geração de Colunas

I Como saber se ainda existem colunas pra serem geradas?

zPMR = min
∑
q∈Q̃

cqλq +
∑
r∈R̃

crµr

s.a
∑
q∈Q̃

aqλq +
∑
r∈R̃

arµr = b,

(p̄)

∑
q∈Q̃

λq = 1,

(v̄)

λq ≥ 0, µr ≥ 0, ∀q ∈ Q̃,∀r ∈ R̃.

Custo reduzido de uma variável λq:

cq − p̄Taq − v̄;

Para uma variável µr, temos: cr − p̄Tar.
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Método de Geração de Colunas

I Como saber se ainda existem colunas pra serem geradas?

zPMR = min
∑
q∈Q̃

cqλq +
∑
r∈R̃

crµr

s.a
∑
q∈Q̃

aqλq +
∑
r∈R̃

arµr = b, (p̄)
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λq = 1, (v̄)

λq ≥ 0, µr ≥ 0, ∀q ∈ Q̃,∀r ∈ R̃.

Custo reduzido de uma variável λq: cT x̄q − p̄TAx̄q − v̄;

Para uma variável µr, temos: cT x̄r − p̄TAx̄r.
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Método de Geração de Colunas

I Como saber se ainda existem colunas pra serem geradas?

zPMR = min
∑
q∈Q̃

cqλq +
∑
r∈R̃

crµr

s.a
∑
q∈Q̃

aqλq +
∑
r∈R̃

arµr = b, (p̄)

∑
q∈Q̃

λq = 1, (v̄)

λq ≥ 0, µr ≥ 0, ∀q ∈ Q̃,∀r ∈ R̃.

Menor custo reduzido de uma variável λq:

min{cTx− p̄TAx− v̄ | x ∈ X};

Para uma variável µr, temos: min{cTx− p̄TAx | x ∈ X}.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

O método de geração de colunas 7

Método de Geração de Colunas

I Como saber se ainda existem colunas pra serem geradas?

zPMR = min
∑
q∈Q̃

cqλq +
∑
r∈R̃

crµr

s.a
∑
q∈Q̃

aqλq +
∑
r∈R̃

arµr = b, (p̄)

∑
q∈Q̃

λq = 1, (v̄)

λq ≥ 0, µr ≥ 0, ∀q ∈ Q̃,∀r ∈ R̃.

Menor custo reduzido de uma variável λq:

min{cTx− p̄TAx− v̄ | x ∈ X};
Para uma variável µr, temos: min{cTx− p̄TAx | x ∈ X}.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

O método de geração de colunas 8

Método de Geração de Colunas

I Como saber se ainda existem colunas pra serem geradas?

zPMR = min
∑
q∈Q̃
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Método de Geração de Colunas

Problema Mestre Restrito

Subproblemas
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Subproblemas

solução dual
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Problema Mestre Restrito

Subproblemas

novas variáveis/colunas
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Método de Geração de Colunas

Problema Mestre Restrito

Subproblemas

Sem colunas para gerar!
Solução ótima do PM
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Método de Geração de Colunas

I Problema Mestre Restrito: subconjunto das variáveis do Problema Mestre,

i.e., um subconjunto de pontos/raios extremos de X ;

I Para o PM, uma solução ótima (λ̄, µ̄) do PMR é uma solução fact́ıvel:

de fato, temos uma solução particular do PM com λq = 0 para q ∈ Q \ Q̃
e µr = 0 para r ∈ R \ R̃;

I Assim, zPMR é um limitante superior para zPM , i.e. zPMR ≥ zPM ;

I Na solução ótima (λ̄, µ̄) do PMR, o custo reduzido das variáveis λq e µr

para q ∈ Q̃ e r ∈ R̃ é maior ou igual a zero: s̄q = cq − p̄T aq − v̄ ≥ 0,

∀q ∈ Q̃; s̄r = cr − p̄T ar ≥ 0, ∀r ∈ R̃;

I Como saber o custo reduzido das variáveis que não estão no PMR?

(λq e µr para q ∈ Q \ Q̃ e r ∈ R \ R̃)
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I Na solução ótima (λ̄, µ̄) do PMR, o custo reduzido das variáveis λq e µr
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i.e., um subconjunto de pontos/raios extremos de X ;
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Método de Geração de Colunas

I Subproblema:

zSP = min
x∈X

{
cTx− p̄TAx

}

I Estamos assumindo que o problema original tenha solução;

I Assim, o subproblema ou tem solução ótima ou é ilimitado:

I Caso tenha solução ótima, então existe um ponto extremo ótimo x̄q.

Se zSP − v̄ < 0, então x̄q não está no PMR atual (i.e. q ∈ Q \ Q̃).

Temos uma variável com custo reduzido negativo para incluir no

PMR. Logo, adicionamos q a Q̃, resultando em uma nova coluna: cT x̄q

Ax̄q

1

 → função objetivo

→ restrições de acoplamento

→ restrição de convexidade
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Se zSP − v̄ < 0, então x̄q não está no PMR atual (i.e. q ∈ Q \ Q̃).
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Se zSP − v̄ < 0,
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Se zSP − v̄ < 0, então x̄q não está no PMR atual (i.e. q ∈ Q \ Q̃).
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I Caso seja ilimitado,

então existe um raio de descida e, portanto, um

raio extremo x̄r. Então, x̄r não está no PMR atual (i.e. r ∈ R \ R̃).

Temos uma variável com custo reduzido negativo para incluir no

PMR. Logo, adicionamos r a R̃, resultando em uma nova coluna: cT x̄r

Ax̄r
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Temos uma variável com custo reduzido negativo para incluir no

PMR. Logo, adicionamos r a R̃, resultando em uma nova coluna: cT x̄r

Ax̄r

0



→ função objetivo

→ restrições de acoplamento

→ restrição de convexidade



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

O método de geração de colunas 12

Método de Geração de Colunas

I Subproblema:

zSP = min
x∈X

{
cTx− p̄TAx

}
I Estamos assumindo que o problema original tenha solução;

I Assim, o subproblema ou tem solução ótima ou é ilimitado:
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I Caso seja ilimitado, então existe um raio de descida e, portanto, um

raio extremo x̄r. Então, x̄r não está no PMR atual (i.e. r ∈ R \ R̃).
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Método de Geração de Colunas

I Após inserir a nova variável/coluna, resolvemos o Problema Mestre

Restrito resultante, dando ińıcio a uma nova iteração;

I Quando o método termina?

I Limitante superior para zPM : zPMR;

I Limitante inferior para zPM : zPMR + (zSP − v); (para qualquer

subproblema com solução ótima);

I Logo, o método é finalizado quando zSP − v = 0.
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Problema Mestre Restrito

Subproblemas

Sem colunas para gerar!
Solução ótima do PM
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A Suggested Computation for Maximal
Multi-Commodity Network Flows

L. R. Ford Jr., D. R. Fulkerson
The RAND Corporation, Santa Monica, California

Asimplex computation for an arc-chain formulation of the maximal multi-commodity network flow problem
is proposed. Since the number of variables in this formulation is too large to be dealt with explicitly, the

computation treats non-basic variables implicitly by replacing the usual method of determining a vector to enter
the basis with several applications of a combinatorial algorithm for finding a shortest chain joining a pair of
points in a network.

History : Received October 1957.

1. Introduction

A problem of some importance in applications of
linear programming is the determination of maxi-
mal multi-commodity flows in networks. For exam-
ple, some of the linear programming problems which
have been proposed recently by Kalaba and Juncosa
in their studies of communication networks (1956)
can be cast in this form. Straightforward application
of the simplex method to such problems is usually

particular formulation, the matrix of the linear pro-
gram is the incidence matrix of arcs vs. all chains
joining sources and sinks for the various commodi-
ties, and thus the number of variables is too large
to be dealt with explicitly. The suggested computa-
tion treats non-basic variables implicitly by replacing
the “pricing” operation of the simplex method (i.e.
the determination of a vector to enter the basis) with
several applications of a combinatorial algorithm for
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chain from S to Pi, for all i. In particular, the small-
est �i, for Pi ∈ T , is the length of a shortest chain
from S to T . Let �k be the smallest such. To find a
chain from S to T of length �k, look for an arc PjPk

such that �j + ljk =�k, then search for an arc PiPj such
that �i + lij =�j , and so on. Eventually a node of S is
reached, and the desired chain has been traced out (in
reverse).

If in the process of locating shortest chains from
commodity sources to sinks, for the various com-
modities, one is found of length less than one, we rec-
ommend that the corresponding column vector of A
be introduced into the basis immediately, rather than
repeating the shortest chain algorithm a number of
times in order to use the usual criterion for selection
of a vector to enter the basis.

We point out that the reason for getting rid of neg-
ative multipliers �r before using the shortest chain
algorithm is that the algorithm may not work if arcs
have negative lengths.

To start the simplex computation, one can of course
begin with the basic variables xn+11 0 0 0 1 xn+r , corre-
sponding to the zero flow.

4. Concluding Remarks
Except for hand computation of a few small prob-
lems, we have no computational experience with the
proposed method. Whether the method is practica-
ble for a problem involving, say, 50 nodes, 100 arcs,
and 20 commodity source-sink sets S11T11 0 0 0 1 S201T20,
is a question which can be settled only by experi-
mentation. It would certainly be more practicable in

ity 1 at P1, an amount a2 of commodity 1 at P2, and an
amount a4 of commodity 2 at P4. We can reduce this
to a problem of the same type as before by introduc-
ing three new directed arcs and nodes as follows: A′

1

from P ′

1 to P1 with capacity a11A
′

2 from P ′

2 to P2 with
capacity a2, and A′

4 from P ′

4 to P4 with capacity a4.
We then take P ′

11P
′

2 as sources for commodity 1, and
P ′

4 as the source for commodity 2. However, in the
hypothesized large network with 20 commodities, the
number of such new arcs would be

∑20
i=1 ni, where ni

is the number of nodes in Si, and since each new arc
increases the size of basis matrices by one, this might
take the problem out of range of present computing
machines.
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Exerćıcio

Aplique DDW e resolva por geração de colunas (considere que as três
primeiras restrições são de acoplamento e apenas um único subproblema)

min x1 − 2x2

s.a 2x1 + 2x2 ≥ 3

−2x1 + 2x2 ≤ 3

2x1 + x2 ≤ 10

1 ≤ x1 ≤ 3

1 ≤ x2 ≤ 3
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Exerćıcio
. Aplique DDW e resolva por geração de colunas

min x1 − 2x2

s.a 2x1 + 2x2 ≥ 3

−2x1 + 2x2 ≤ 3

2x1 + x2 ≤ 10

x ∈ X

com X = {(x1, x2) | 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3}
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Exerćıcio
. Aplique DDW e resolva por geração de colunas

X é um conjunto limitado e, portanto, pode ser representado por seus
pontos extremos x̄q, q ∈ Q. Assim, temos x =

∑
q∈Q x̄qλq

e obtemos o
Problema Mestre:

min
∑
q∈Q

(x̄q1 − 2x̄q2)λq

s.a
∑
q∈Q

(2x̄q1 + 2x̄q2)λq ≥ 3∑
q∈Q

(−2x̄q1 + 2x̄q2)λq ≤ 3∑
q∈Q

(2x̄q1 + x̄q2)λq ≤ 10∑
q∈Q

λq = 1

λq ≥ 0, q ∈ Q



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

O método de geração de colunas 24

Exerćıcio
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Exerćıcio
. Aplique DDW e resolva por geração de colunas

Subproblema

(p̄1, p̄2, p̄3, v̄)

min (x1 − 2x2)− (2x1 + 2x2)p̄1 − (−2x1 + 2x2)p̄2 − (2x1 + x2)p̄3

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

⇒ min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3
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Exerćıcio
. Aplique DDW e resolva por geração de colunas

Subproblema

(p̄1, p̄2, p̄3, v̄)

min (x1 − 2x2)− (2x1 + 2x2)p̄1 − (−2x1 + 2x2)p̄2 − (2x1 + x2)p̄3

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

⇒ min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3
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Método de Geração de Colunas
. Exerćıcio: Iteração 0

PMR inicial

Coluna artificial apenas

(PMR0) min 1000λa

s.a 3λa ≥ 3

0λa ≤ 3

0λa ≤ 10

1λa = 1,

λa ≥ 0.

λ̄a = 1;

p̄1 = 333.33; p̄2 = 0; p̄3 = 0; v̄ = 0;

LI = −∞; LS = 1000.
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Método de Geração de Colunas
. Exerćıcio: Iteração 0

PMR inicial

Coluna artificial apenas

(PMR0) min 1000λa

s.a 3λa ≥ 3

0λa ≤ 3

0λa ≤ 10

1λa = 1,

λa ≥ 0.

λ̄a = 1;

p̄1 = 333.33; p̄2 = 0; p̄3 = 0; v̄ = 0;

LI = −∞; LS = 1000.
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Método de Geração de Colunas
. Exerćıcio: Iteração 0

Subproblema

p̄1 = 333.3333; p̄2 = 0; p̄3 = 0; v̄ = 0;

(SP0) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min − 665.66x1 − 668.66x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 3; x̄2 = 3; f̄ = −4003.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



3− 6

6 + 6

−6 + 6

6 + 3

1


=



−3

12

0

9

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 0

Subproblema

p̄1 = 333.3333; p̄2 = 0; p̄3 = 0; v̄ = 0;

(SP0) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min − 665.66x1 − 668.66x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 3; x̄2 = 3; f̄ = −4003.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



3− 6

6 + 6

−6 + 6

6 + 3

1


=



−3

12

0

9

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 0

Subproblema

p̄1 = 333.3333; p̄2 = 0; p̄3 = 0; v̄ = 0;

(SP0) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min − 665.66x1 − 668.66x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 3; x̄2 = 3; f̄ = −4003.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



3− 6

6 + 6

−6 + 6

6 + 3

1


=



−3

12

0

9

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

PMR 1

(PMR1) min 1000λa − 3λ1

s.a 3λa + 12λ1 ≥ 3

0λa + 0λ1 ≤ 3

0λa + 9λ1 ≤ 10

1λa + 1λ1 = 1,

λa, λ1 ≥ 0.

λ̄a = 0; λ̄1 = 1;

p̄1 = 0; p̄2 = 0; p̄3 = 0; v̄ = −3;

LI = 1000 + (−4003) = −3003; LS = −3.
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

PMR 1

(PMR1) min 1000λa − 3λ1

s.a 3λa + 12λ1 ≥ 3

0λa + 0λ1 ≤ 3

0λa + 9λ1 ≤ 10

1λa + 1λ1 = 1,

λa, λ1 ≥ 0.

λ̄a = 0; λ̄1 = 1;

p̄1 = 0; p̄2 = 0; p̄3 = 0; v̄ = −3;

LI = 1000 + (−4003) = −3003; LS = −3.
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 = 1× (3, 3) = (3, 3)
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = 0; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 1x1 − 2x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −5.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



1− 6

2 + 6

−2 + 6

2 + 3

1


=



−5

8

4

5

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = 0; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 1x1 − 2x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −5.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



1− 6

2 + 6

−2 + 6

2 + 3

1


=



−5

8

4

5

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = 0; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 1x1 − 2x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −5.

Coluna:



x̄1 − 2x̄2

2x̄1 + 2x̄2

−2x̄1 + 2x̄2

2x̄1 + 1x̄2

1


=



1− 6

2 + 6

−2 + 6

2 + 3

1


=



−5

8

4

5

1
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Método de Geração de Colunas
. Exerćıcio: Iteração 2

PMR 2

(PMR2) min 1000λa − 3λ1 − 5λ2

s.a 3λa + 12λ1 + 8λ2 ≥ 3

0λa + 0λ1 + 4λ2 ≤ 3

0λa + 9λ1 + 5λ2 ≤ 10

1λa + 1λ1 + λ2 = 1,

λa, λ1, λ2 ≥ 0.

λ̄a = 0; λ̄1 = 0.25; λ̄2 = 0.75

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

LI = −3 + (−5 + 3) = −5; LS = −4.5.
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Método de Geração de Colunas
. Exerćıcio: Iteração 2

PMR 2

(PMR2) min 1000λa − 3λ1 − 5λ2

s.a 3λa + 12λ1 + 8λ2 ≥ 3

0λa + 0λ1 + 4λ2 ≤ 3

0λa + 9λ1 + 5λ2 ≤ 10

1λa + 1λ1 + λ2 = 1,

λa, λ1, λ2 ≥ 0.

λ̄a = 0; λ̄1 = 0.25; λ̄2 = 0.75

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

LI = −3 + (−5 + 3) = −5; LS = −4.5.
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Exerćıcio

5

x2

x11.5

1.5

x̄1 = (3, 3); x̄2 = (1, 3);
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Exerćıcio

5

x2

x11.5

1.5

λ1x̄1 + λ2x̄2, λ1 + λ2 = 1;
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Exerćıcio

5

x2

x11.5

1.5

x =

λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 =

0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) =

(1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 0x1 − 1x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −3.

f̄ − v̄ = −3 + 3 = 0⇒ Solução ótima encontrada!
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 0x1 − 1x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −3.

f̄ − v̄ = −3 + 3 = 0⇒ Solução ótima encontrada!
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 0x1 − 1x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −3.

f̄ − v̄ = −3 + 3 = 0

⇒ Solução ótima encontrada!
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Método de Geração de Colunas
. Exerćıcio: Iteração 1

Subproblema

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

(SP1) min (1− 2p̄1 + 2p̄2 − 2p̄3)x1 + (−2− 2p̄1 − 2p̄2 − 1p̄3)x2

⇒ min 0x1 − 1x2

s.a 1 ≤ x1 ≤ 3; 1 ≤ x2 ≤ 3

x̄1 = 1; x̄2 = 3; f̄ = −3.

f̄ − v̄ = −3 + 3 = 0⇒ Solução ótima encontrada!
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Método de Geração de Colunas
. Exerćıcio: Iteração 2

PMR Ótimo

(PMR) min 1000λa − 3λ1 − 5λ2

s.a 3λa + 12λ1 + 8λ2 ≥ 3

0λa + 0λ1 + 4λ2 ≤ 3

0λa + 9λ1 + 5λ2 ≤ 10

1λa + 1λ1 + λ2 = 1,

λa, λ1, λ2 ≥ 0.

λ̄a = 0; λ̄1 = 0.25; λ̄2 = 0.75

p̄1 = 0; p̄2 = −0.5; p̄3 = 0; v̄ = −3;

LI = −4.5 + (−3 + 3) = −4.5; LS = −4.5.
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Exerćıcio

5

x2

x11.5

1.5

x =

λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 =

0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) =

(1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

x = λ1x̄1 + λ2x̄2 = 0.25× (3, 3) + 0.75× (1, 3) = (1.5, 3)
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Exerćıcio

5

x2

x11.5

1.5

Não foi necessário enumerar todos os pontos extremos!
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I Obrigado pela atenção!

I Dúvidas?


