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Objetivos deste tópico

I Entender como aplicar a decomposição de Dantzig-Wolfe no

Problema de Corte de Estoque, que é um caso clássico da literatura.
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O problema de corte de estoque (PCE)

I 1D: Barras de aço, rolos de filmes, bobinas de papel, etc.

I 2D: Placas de madeira, tecido, chapas de aço, etc.

I 3D: Placas com diferentes espessuras, espumas para colchões, etc.
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PCE unidimensional

I n barras de tamanho L dispońıveis em estoque;

I Produzir m tipos de itens com tamanhos l1, l2, . . . , lm;

I Demandas d1, d2, . . . , dm;

I O objetivo é minimizar o número de barras usadas.

Variáveis de decisão:

I Índices: I = {1, . . . , n}, J = {1, . . . ,m};
I xij : número de vezes que o item j é cortado da barra i;

I yi: 1→ barra i é usada; 0→ caso contrário.
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PCE unidimensional

Variáveis de decisão:

I Índices: I = {1, . . . , n}, J = {1, . . . ,m};
I xij : número de vezes que o item j é cortado da barra i;

I yi: 1→ barra i é usada; 0→ caso contrário.

Restrições:

I Atendimento da demanda:
n∑

i=1

xij ≥ dj , j = 1, . . . ,m;

I Tamanho da barra:
m∑
j=1

ljxij ≤ Lyi, i = 1, . . . , n;

I Doḿınio das variáveis: yi ∈ {0, 1}, xij ∈ Z+.
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PCE unidimensional

Variáveis de decisão:

I Índices: I = {1, . . . , n}, J = {1, . . . ,m};
I xij : número de vezes que o item j é cortado da barra i;

I yi: 1→ barra i é usada; 0→ caso contrário.

Função objetivo:

I Minimizar o número de barras usadas:

min
n∑

i=1

yi
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PCE unidimensional

min
n∑

i=1

yi

s.a
n∑

i=1

xij ≥ dj , j = 1, . . . ,m,

m∑
j=1

ljxij ≤ Lyi, i = 1, . . . , n,

xij ∈ Z+, i = 1, . . . , n; j = 1, . . . ,m,

yi ∈ {0, 1}, i = 1, . . . , n.
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PCE unidimensional
. Exemplo

Uma fábrica de papel, trabalha com a produção de bobinas para impressoras.

As encomendas para a próxima semana correspondem a 32 bobinas de 5 cm de

largura, 16 bobinas de 7 cm de largura e 21 bobinas de 7,5 cm de largura. Essas

bobinas são cortadas a partir de bobinas grandes dispońıveis em estoques, todas

com largura de 20 cm. Determine qual a melhor forma de atender às encomendas

de modo a minimizar o número de bobinas grandes utilizadas.
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PCE unidimensional: Exemplo

min y1 + y2 + . . .+ y100

s.a x11 + x21 + . . .+ x100,1 ≥ 32,

x12 + x22 + . . .+ x100,2 ≥ 16,

x13 + x23 + . . .+ x100,3 ≥ 21,

5x11 + 7x12 + 7,5x13 ≤ 20y1,

5x21 + 7x22 + 7,5x23 ≤ 20y2,

...
...

5x100,1 + 7x100,2 + 7,5x100,3 ≤ 20y100,

x11, x12, . . . , x100,3 ∈ Z+,

y1, y2, . . . , y100 ∈ {0, 1}.
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PCE unidimensional

min
n∑

i=1

yi

s.a
n∑

i=1

xij ≥ dj , j = 1, . . . ,m,

m∑
j=1

ljxij ≤ Lyi, i = 1, . . . , n,

xij ∈ Z+, i = 1, . . . , n; j = 1, . . . ,m,

yi ∈ {0, 1}, i = 1, . . . , n.
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PCE unidimensional
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PCE unidimensional

min
n∑

i=1

yi

s.a
n∑

i=1

xij ≥ dj , j = 1, . . . ,m,

(xi, yi) ∈ X i, i = 1, . . . , n; j = 1, . . . ,m.

Para cada i = 1, . . . , n:

X i =
{

(xi, yi) |
m∑
j=1

ljxij ≤ Lyi,

yi ∈ {0, 1}

xij ∈ Z+, j = 1, . . . ,m
}
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PCE unidimensional
. Decomposição de Dantzig-Wolfe (convexificação)

I Reescrevendo (xi, yi) usando todos os pontos extremos (x̄iq, ȳ
i
q) de

conv(X i):

min
n∑

i=1

∑
q∈Qi

ȳiqλ
i
q

s.a
n∑

i=1

∑
q∈Qi

x̄iqjλ
i
q ≥ dj , j = 1, . . . ,m,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi.

xi ∈ Zm
+ , yi ∈ {0, 1} i = 1, . . . , n,

(xi, yi) =
∑
q∈Qi

λi
q(x̄iq, ȳ

i
q) i = 1, . . . , n.
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i
q) i = 1, . . . , n.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Exemplo de aplicação da Decomposição de Dantzig-Wolfe: Problema de Corte de Estoque 12

PCE unidimensional
. Decomposição de Dantzig-Wolfe (convexificação)

I Reescrevendo (xi, yi) usando todos os pontos extremos (x̄iq, ȳ
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PCE unidimensional
. Decomposição de Dantzig-Wolfe (discretização)

I Reescrevendo (xi, yi) usando todos os pontos inteiros (x̄iq, ȳ
i
q) de X i:

min
n∑

i=1

∑
q∈Qi

ȳiqλ
i
q

s.a
n∑

i=1

∑
q∈Qi

x̄iqjλ
i
q ≥ dj , j = 1, . . . ,m,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ∈ {0, 1}, i = 1, . . . , n, q ∈ Qi.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I Relaxação linear do Problema Mestre (convexificação/discretização):

min
n∑

i=1

∑
q∈Qi

ȳiqλ
i
q

s.a
n∑

i=1

∑
q∈Qi

x̄iqjλ
i
q ≥ dj , j = 1, . . . ,m,

∑
q∈Qi

λk
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I Quando as barras são idênticas temos X̄ = X 1 = . . . = Xn e, portanto,

podemos usar agregação, obtendo:

min
∑
q∈Q

ȳqλq

s.a
∑
q∈Q

x̄qjλq ≥ dj , j = 1, . . . ,m,

∑
q∈Q

λk
q = n,

λq ≥ 0, q ∈ Q.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I Quando as barras são idênticas temos X̄ = X 1 = . . . = Xn e, portanto,

podemos usar agregação, obtendo:

min
∑
q∈Q

ȳqλq

s.a
∑
q∈Q

x̄qjλq ≥ dj , j = 1, . . . ,m,

∑
q∈Q

λk
q ≤ n,

λq ≥ 0, q ∈ Q.

(dado que 0 ∈ X̄ )
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I Assim, assumindo que há um número suficientemente grande de barras

(idênticas) em estoque:

min
∑
q∈Q

ȳqλq

s.a
∑
q∈Q

x̄qjλq ≥ dj , j = 1, . . . ,m,

(pj)

λq ≥ 0, q ∈ Q.
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∑
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ȳqλq
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I O subproblema é dado por:

min y −
m∑
j=1

pjxj

s.a (x, y) ∈ X̄ .
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I O subproblema é dado por:

min y −
m∑
j=1

pjxj

s.a
m∑
j=1

ljxj ≤ Ly,

xj ∈ Z+, j = 1, . . . ,m,

y ∈ {0, 1}.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I O subproblema é dado por:

max
m∑
j=1

pjxj

s.a
m∑
j=1

ljxj ≤ L,

xj ∈ Z+, j = 1, . . . ,m,

I Problema da mochila;

I Em geral, é resolvido por programação dinâmica ou

branch-and-bound, com o aux́ılio de heuŕısticas.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I O problema mestre agregado resultante é conhecido como

formulação de Gilmore e Gomory :

min
∑
q∈Q

ȳqλq

s.a
∑
q∈Q

x̄qjλq ≥ dj , j = 1, . . . ,m,

λq ≥ 0, q ∈ Q.
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I O problema mestre agregado resultante é conhecido como

formulação de Gilmore e Gomory :

min
∑
q∈Q

λq

s.a
∑
q∈Q

aqjλq ≥ dj , j = 1, . . . ,m,

λq ≥ 0, q ∈ Q.
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PCE unidimensional
. Gilmore e Gomory, Operations Research 9, 1961
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

I Colunas são padrões de corte:

3

0

1
...

0



→ número de vezes que o item 1 está no padrão

→ número de vezes que o item i está no padrão
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PCE unidimensional
. Exemplo

Uma fábrica de papel, trabalha com a produção de bobinas para impres-

soras. As encomendas para a próxima semana correspondem a 32 bobinas

de 5 cm de largura, 16 bobinas de 7 cm de largura e 21 bobinas de 7,5

cm de largura. Essas bobinas são cortadas a partir de bobinas grandes

dispońıveis em estoques, todas com largura de 20 cm. Determine qual a

melhor forma de atender às encomendas de modo a minimizar o número

de bobinas grandes utilizadas.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Exemplo de aplicação da Decomposição de Dantzig-Wolfe: Problema de Corte de Estoque 26

PCE unidimensional
. Exemplo: Alguns padrões de corte

Padrão 5 cm 7 cm 7,5 cm Total

1 4 0 0 20

2 0 2 0 14

3 0 0 2 15

4 1 1 1 19,5

5 2 1 0 17
...

...
...

...
...
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PCE unidimensional
. Exemplo: Problema Mestre Restrito

[PMR] min λ1 + λ2 + λ3 + λ4 + λ5 + . . .

s.a 4λ1 + 0λ2 + 0λ3 + 1λ4 + 2λ5 + . . . ≥ 32,

0λ1 + 2λ2 + 0λ3 + 1λ4 + 1λ5 + . . . ≥ 16,

0λ1 + 0λ2 + 2λ3 + 1λ4 + 0λ5 + . . . ≥ 21,

λ1, λ2, λ3, λ4, λ5, . . . ∈ Z+.
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PCE unidimensional
. Exemplo: Problema Mestre Restrito inicial e Subproblema

[PMR] min λ1 + λ2 + λ3 + λ4 + λ5

s.a 4λ1 + 0λ2 + 0λ3 + 1λ4 + 2λ5 ≥ 32,

(p̄1)

0λ1 + 2λ2 + 0λ3 + 1λ4 + 1λ5 ≥ 16,

(p̄2)

0λ1 + 0λ2 + 2λ3 + 1λ4 + 0λ5 ≥ 21,

(p̄3)

λ1, λ2, λ3, λ4, λ5 ∈ Z+.

[SP] max p̄1x1 + p̄2x2 + p̄3x3

s.a 5x1 + 7x2 + 7,5x3 ≤ 20,

x1, x2, x3 ∈ Z+.

Obs.: Dado um ponto extremo (x̄1, x̄2, x̄3), o custo relativo

é dado por: 1 − (p̄1x̄1 + p̄2x̄2 + p̄3x̄3)
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é dado por: 1 − (p̄1x̄1 + p̄2x̄2 + p̄3x̄3)



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Exemplo de aplicação da Decomposição de Dantzig-Wolfe: Problema de Corte de Estoque 28

PCE unidimensional
. Exemplo: Problema Mestre Restrito inicial e Subproblema

[PMR] min λ1 + λ2 + λ3 + λ4 + λ5

s.a 4λ1 + 0λ2 + 0λ3 + 1λ4 + 2λ5 ≥ 32, (p̄1)

0λ1 + 2λ2 + 0λ3 + 1λ4 + 1λ5 ≥ 16, (p̄2)

0λ1 + 0λ2 + 2λ3 + 1λ4 + 0λ5 ≥ 21, (p̄3)

λ1, λ2, λ3, λ4, λ5 ∈ Z+.

[SP] max p̄1x1 + p̄2x2 + p̄3x3

s.a 5x1 + 7x2 + 7,5x3 ≤ 20,

x1, x2, x3 ∈ Z+.

Obs.: Dado um ponto extremo (x̄1, x̄2, x̄3), o custo relativo
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PCE unidimensional
. Decomposição de Dantzig-Wolfe

Vantagens:

I Relaxação linear apertada (tight);

I O gap de otimalidade é em geral menor do que 1; (Conjectura: gap < 2)

I Heuŕısticas de arredondamento são efetivas!

I O que muda para os casos 2D e 3D?
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PCE unidimensional: heuŕısticas
. Poldi e Arenales, Computers & Operations Research 36, 2009
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This paper deals with the classical one-dimensional integer cutting stock problem, which consists of
cutting a set of available stock lengths in order to produce smaller ordered items. This process is carried
out in order to optimize a given objective function (e.g., minimizing waste). Our study deals with a case
in which there are several stock lengths available in limited quantities. Moreover, we have focused on
problems of low demand. Some heuristic methods are proposed in order to obtain an integer solution
and compared with others. The heuristic methods are empirically analyzed by solving a set of randomly
generated instances and a set of instances from the literature. Concerning the latter, most of the optimal
solutions of these instances are known, therefore it was possible to compare the solutions. The proposed
methods presented very small objective function value gaps.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Cutting problems are essential in the production planning of var-
ious industries such as paper, steel, plastic, aluminium and wood
(Brown [1], Dyckhoff et al. [2], Dyckhoff and Finke [3], Hinxman [4],
Gilmore and Gomory [5,21,22], Stadtler [6]). A cutting stock problem
(CSP) consists of cutting a set of available stock lengths into smaller
ordered items by optimizing a given objective function. This paper
considers a general case in which there are different stock lengths
and they are available in limited, quantities. More precisely, accord-
ing to the typology proposed by Wäscher et al. [7], the problem we
consider is the one-dimensional multiple stock size cutting stock
problem (1MSSCSP).

A cutting stock problem (CSP) can be formulated as an integer
linear optimization problem. In addition, the large number of cut-
ting patterns (columns) due to the huge possibilities of combinations
of items makes the problem prohibitive. To deal with these diffi-
culties, Gilmore and Gomory [5] relaxed the integrality constraint
and proposed the simplex method with a column generation tech-
nique to solve the continuous relaxation of CSP. A known approach
for the integer CSP's solution is to solve the continuous relaxation
by the column generation technique and apply rounding procedures
to the very often non-integer solution [8]. This heuristic procedure
was successfully used in the case of only one standard stock length

∗ Corresponding author. Tel.: +551633739673.
E-mail addresses: kelly.poldi@gmail.com, kelly@icmc.usp.br (K.C. Poldi),

arenales@icmc.usp.br (M.N. Arenales).

0305-0548/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.cor.2008.07.001

obtaining optimal solutions for many instances [9]. Because CSP have
in general, many optimal solutions, Haessler [10] observed that it is
better to solve the problem by limiting the number of items in each
cutting pattern, which tends to enlarge frequencies and reduce the
number of cutting patterns as a byproduct. From this constrained
cutting pattern solution, one finally relaxes the constraints which
limit the number of items to obtain an optimal solution to the lin-
ear relaxation. With this non-integer solution on hands, according
to Haessler, it is easier to round it. For the case with multiple stock
lengths, combinations of the different stock lengths can lead to bet-
ter material utilization. However, establishing optimal solutions is
more complicated than when dealing with only one standard stock
length.

Belov and Scheithauer [11] proposed an exact method that com-
bines the Chvatal-Gomory cutting planes and the column generation
to solve the one-dimensional cutting stock problem with multiple
stock lengths. The authors reported results that are also used in this
paper for analysis in Section 5.2.

Recently, Alves and Valerio de Carvalho [12] also considered the
multiple stock length cutting problem. These authors studied strate-
gies to stabilize and accelerate the column generation method by
introducing dual-optimal inequalities. Their approach has proven to
be an effective way of achieving faster convergence. They showed a
significant reduction of the number of column generation iterations
and running time.

Holthaus [13] studies the CSPwith different stock lengths. The au-
thor solves the relaxation of the CSP by the column generation tech-
nique and uses three procedures for rounding the solutionwhich lead
to a final residual problem, which is solved by an ILP-solver. Although
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PCE unidimensional: branch-price-and-cut
. Wei et al., INFORMS JoC, 2020
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Problemas de corte e empacotamento
. Scheithauer, 2018
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I Obrigado pela atenção!

I Dúvidas?


